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1. Symplectic Manifolds 

Let (M,ui) be a symplectic manifold, i.e. a smooth manifold with nondegenerate closed 2-form lu. 

Example. For X a smooth manifold, the cotangent bundle M = T* X is a symplectic manifold. Specifically, 
given a chart U C X with coordinates x\, . . . , x„, we have a basis of T*X given by dx\, . . . , dx n and every 
£ G T*AT can be written as ^^dxi. This gives us a map 

(1) T*X\u - M 2 ™, ~ (an, . . . ,x„,6, ■ • ■ ,&,) 

Let a be the Liouville form defined by £idxi on each coordinate patch. It is well-defined as a 1-form on M, 
and u — da = ]T d£i A dx^ is the desired symplectic form. Furthermore, given a diffeomorphism X\ — > A" 2 , we 
have an induced map 

(2) F : T*X! - T*X 2 , (x, ~ (/(a;), (d*/)" 1 ^) 

which is a symplectomorphism (because 3 local coordinates in which / is the identity). Also, given h € 
C°°(X, R), we have an associated symplectomorphism 77 : M — > M, (a;, £) i— > (x, £ + d x /i) since 

(3) rj*a = a + dh ==>• t^w = T^(da) = da + ddh = uj 
as desired. 

1.1. Submanifolds. 

Definition 1. ^4 submanifold W C (M,w) is symplectic if u>\w is symplectic (specifically, nondegenerate). 
This implies that T p W C T p M is a symplectic subspace Vp. L C (M, w) is Lagrangian if — and dim L = 
|dim M. 

Example. By our above construction, the 0-section X T*AT = M is a Lagrangian submanifold. Furthermore, 
sections of T*X are graphs X^ — {(x, fj,(x))\x € X} C T*A of 1-forms /x e ^ 1 (A^, R): such a graph is Lagrangian 
iff dfi = 0, since denoting i^{x) — (x, fi(x)), i*^a = fi =^> i* (o>) = i* p (da) = di*^a = dfj,. 

Example. For S fc C X n a submanifold, define the conormal space to x G £ by 

(4) = {£ e T^ICIt.s - 0} 

This gives us subbundle N*H C T*AT| S and a submanifold A^*S C T*A". For £ = AT, we get the 0-section: for 
£ = {p}, we get the fiber T*X. By definition, a|Ar*s = 0, so N*H is Lagrangian. 

1.2. Symplectomorphisms and Lagrangian Submanifolds. Let : (M^wi) — > (M2,cl>2) be a diffeomor- 
phism: we want to know whether </> is a symplectomorphism as well, i.e. whether (/>*cl>2 = <*>i- Consider the 
graph C M = Mi x M 2 . The latter space has one symplectic structure via lo = w\ uj 2 = 7T*Wi + ^2^2, 
which is nondegenerate since 



(5) W™ 1+ ™ 2 = \^' X n J ft* LJ™ 1 A TtJwJ 

However, here we will consider the alternate symplectic structure given by Co = 7r*wi — Trju^- 
Proposition 1. <p is a symplectomorphism is Lagrangian. 

Proof. Tcf, is the image of the embedding 7 : Mi — > Mi x M 2 ,p 1— > (p,(j)(p)), and 7*0) = 7*7r*wi — 7*^0^2 = 
Wi — </>*w 2 is <^ is Lagrangian. □ 
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2. Hamiltonian Vector Fields 

Let M be a manifold. 

Definition 2. An isotopy on M is a C°° map p:Mxl-t¥ s.i. po — id Vt, pt is a diffeomorphism. 

Given an isotopy, we obtain a time-dependent vector field Vt : p i— > ^/9 s (<z)| s =t where g = p^ 1 (p). We say 
that p t is the /?ow of w t . Conversely, if M is compact or u t is sufficiently "good" , we can integrate to obtain the 
flow from the vector field. If v is time-independent, we obtain a 1-parameter group pt = exp(tu), with associated 
vector field v. Recall the Lie derivative L v a — ^(exp(tw)*a)|i = o- 

Proposition 2 (Cartan's Formula). L v a — di v a + i v da. 

If (p t ) is generated by (v t ) then j^{p* t a) = p* t (L Vt a). 

Now, let (M,u>) be a symplectic manifold, H : M -> R a C°° map. Then dff e fi 1 (M) ==> 3 a unique 
vector field Xjj s.t. ix H w = dif , called the Hamiltonian vector field generated by _ff (H itself is called the 
Hamiltonian function). Now, assume that M is compact, or that the flow of Xjj is well-defined. Then we obtain 
an isotopy p t : M — > A'/ of diffcomorphisms generated by Xy. 

Proposition 3. p t are symplectomorphisms. 

Proof. Note that ^{p^uo) — pl(Lx H io) but Lx H u = dix H u + ix H &w = d 2 H = 0. Since p is the identity, 
p* t uj = uj for all t. □ 

Example. For M 2 " with coordinates xi, . . . , x n ,p\, . . . ,p n , the function H(x,p) = | \p\ 2 + V{x) has derivative 
<ii/ = ^p-idpi + ^dxi. Thus, the associated vector field is Xh = J2—Pi]^r + f^rg^i giving us Hamilton's 
equations 

dx t dH dp, dV dH 



